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Abstract: A general way to find repetitions of factors in a given text is shown. We start with a
classification of repetitions. The general models for finding exact repetitions in one string and in
a finite set of strings are introduced. It is shown that d-subsets created during determinization of
nondeterministic factor automata contain all information concerning repetitions of factors. The
principle of the analysis of d-subsets is then used for finding approximate repetitions using several
distances for a general finite alphabet and for an ordered alphabet including the case of presence
of don’t care symbols. Complexity of finding repetitions is shown for exact repetitions in one
string.

1 Introduction

Let a text T = tity...t, be given. Finding a repetition in text 7' can be
defined as determining whether some substring (factor) repeats in the given
text T. Furthermore, we can distinguish between exact and approximate
repetitions. For approximate repetitions we use several distances for both
a general alphabet and an ordered alphabet. In some cases the problem
of finding repetitions in a text concerns a specified factor. The goal of this
work is to find a general way to find all these repetitions in the given text.
The main idea is based on the use of finite automata.

The very first attempt to solve the problem of finding repetitions in
a string is in a Master’s thesis [Ma79]. The first paper on this topic is [Cr86].
Some other papers on this topic are [CR94], [CCIT99] and [CCIT00]. An
approach used in this paper is based on the construction of deterministic
factor automata. This approach is based on some ideas from Master’s thesis
[Me02].

After the overview of basic definitions in Chapter 2, the attempt to
make a classification of repetition problems is shown in Chapter 3. Next
two Chapters are devoted to exact repetitions in one string and in a finite
set of strings. The proof of the correctness of our approach for finding exact
repetitions in one string is given in Chapter 4. Subsequent Chapters describe
the solution of the approximate repetition problem for six distances for both
general and ordered alphabets including the case of presence of don’t care
symbols.

1This research has been partially supported by the Ministry of Education, Youth, and
Sport of the Czech Republic under research program No. J04/98:212300014.



2 Definitions

Basic notions from the theory of automata follow [AU71] and [HU79]. Basic
notions from stringology are from [CR94]. The notion of factor automaton
was introduced in [BBET87].

Definition 2.1 (Set of factors)
The set Fact(x),z € A*, is the set of all substrings (factors) of the string z:
Fact(z) ={y: x = uyv,u,v € A*,z,y € A*}. O

Definition 2.2 (d—subset)

Let My = (Q1, A, d1,q01, F1) be a nondeterministic finite automaton. Let
My = (Q2, A, 02, qo2, F2) be the deterministic finite automaton equivalent
to automaton M;j. Automaton Ms is constructed using the standard de-
terminization algorithm based on subset construction. Every state ¢ € Q2
corresponds to some subset d of Q1. This subset will be called d—subset
(deterministic subset). O

Definition 2.3 (Exact repetition in one string)
Let T be a string, T' = ajaz...a, and a; = aj,a;41 = Qj41,...,0itm =
@jtm, © < j, m > 0. The string x9 = aja;41...aj4m,m is an ezact repetition
of the string x1 = a;a;11 ... @;+m- 1 or o is called the repeating factor in
text 1.

O

Definition 2.4 (Exact repetition in a set of strings)

Let S be a set of strings, S = {71,22,..., 75} and xp; = g5, Tpir1 =

Tgjdls-- > Tpm = Lgm, Where i € (1,z,), j € (1,24), m >0, p,q € (1,]5]).

The string xqjxqj4+1 - - - Tgm is an exact repetition of the string T, Tpi+1 - - - Tpm.-
O

Definition 2.5 (Approximate repetition in one string)

Let T = ajay...ay be a string and D(a;@i11 . . - Giym, @jaj41 ... Gjim) <K,
where m,m’ > 0, D is a distance, 0 < k < n. The string a;a;41 ... a;4n is
an approximate repetition of the string a;a;+1 ... Gjpm. O

Approximate repetition in a set of strings can be defined in a similar way.

Definition 2.6 (Type of repetition)
Let 9 = ajajy1...aj4,m be an exact or approximate repetition of x7 =
;i1 - .. Qiym,t < j, in one string.
Then if j—i<m then the repetition is with an overlapping (O),
if j—i=m then the repetition is a square (5),
if j—4>m then the repetition is with a gap (G). O

Definition 2.7 (Distances of strings - general alphabets)
Three variants of the distances between two strings X and Y are defined as
the minimum number of editing operations:



1. replace (Hamming distance, R-distance),
2. delete, insert and replace (Levenshtein distance, DIR-distance),

3. delete, insert, replace and transpose of neighbour symbols (generalized
Levenshtein distance, DIRT-distance),

needed to convert string X to string Y. O

The Hamming distance is a metrics on the set of strings of equal length.

The Levenshtein and the generalized Levenshtein distances are metrics on
the set of strings of not necessarily equal length.

Definition 2.8 (Distance of strings - ordered alphabets)
Let A= {a1,as,...,ap} be an ordered alphabet and k£ > 0 an integer. Two
symbols a;,a; € A, i,j € (1,p), are said to be Ag-approzimate, if and only

Ag(ai,aj) =i —j] < k.

Next, three variants of distance are defined as follows:

1. Adistance:

For a given integer k > 0 we say that two strings x, y are Ag-approximate,
if and only if

2| = |y|, and Ag(zi,yi) <k, Vie{l,...|z[}. (1)

2. TI'distance:

For a given integer k > 0 we say that two strings z, y are I'y-approximate,
if and only if

||

[ = [yl, and > Ag(wi,u:) < k. (2)
i=1

3. (A, T)distance:

We say that two strings x,y are (Ag, 'y )-approzimate, if and only if x
and y satisfy both conditions (1) and (2). O

All three distances are metrics on the sets of strings of equal length.

Definition 2.9
The “don’t care” symbol is a special universal symbol o that matches any
other symbol, including itself.



3 Classification of repetitions

Problems of repetitions of factors in a string over a finite size alphabet
can be classified according to various criteria. We will use four criteria
for classification of repetition problems leading to four-dimensional space
in which each point corresponds to the particular problem of repetition of
a factor in a string. Let us make a list of all dimensions including possible

“values” in each dimension:
1. Number of strings:
- one,
- finite number greater than one,
- infinite number.
2. Repetition of factors (see Definition 2.6):
- with overlapping,
- square,
- with gap.
3. Specification of the factor:
- repeated factor is given,
- repeated factor is not given,
- length [ of the repeated factor is given exactly,
- length of the repeated factor is less than given |,
- length of the repeated factor is greater than given [,
- finding the longest repeated factor.
4. The way of finding repetitions:
- exact repetition,

approximate repetition with Hamming distance (R-repetition),

approximate repetition with Levenshtein distance (DI R-repeti-
tion),

approximate repetition with generalized Levenshtein distance
(DIR T-repetition),

- A-approximate repetition,

- I'-approximate repetition,

- (A, T')-approximate repetition.
5. Importance of symbols in factor:

- take care of all symbols,

- don’t care of some symbols.

The above classification is visualized in Figure 3.1. If we count the
number of possible problems of finding repetitions in a string, we obtain
N=3x3%2x7x2=272.
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Figure 3.1: Classification of repetition problems

In order to facilitate references to a particular problem of repetition
in a string, we will use abbreviations for all problems. These abbreviations
are summarized in Table 3.1.

Using this method, we can, for example, refer to the overlapping exact
repetition of a given factor where all symbols are considered as the OF EC
problem.

Instead of the single repetition problem we will use the notion of a family
of repetitions in string problems. In this case we will use the symbol 7 instead
of a particular symbol. For example S777 is the family of all problems
concerning square repetitions.

Dimension | 1 | 2 | 3 4 5
O|0O|F E C
F|S|N R D
I |G D

T

A

r
(A,1)

Table 3.1: Abbreviations of repetition problems



Each repetition problem can have several instances:

1. verify whether some factor is repeated in the text or not,
2. find the first repetition of some factor,
3. find the number of all repetitions of some factor,

4. find all repetitions of some factor and where they are.

If we take into account all possible instances, the number of repetitions
in string problems grows further.

4 Exact repetitions in one string

In this section we will introduce how to use a factor automaton for finding
exact repetitions in one string (O?NEC problem). The main idea is based on
the construction of the deterministic factor automaton. First, we construct
a nondeterministic factor automaton for a given string. The next step is
to construct the equivalent deterministic factor automaton. During this
construction, we memorize d-subsets. The repetitions that we are looking
for are obtained by analyzing these d-subsets. The next algorithm describes
the computation of d-subsets of a deterministic factor automaton.

Algorithm 4.1

Computation of repetitions in one string.

Input: String T = ajas ... ay.

Output: Deterministic factor automaton Mp accepting Fact(T) and
d—subsets for all states of M.

Method:

1. Construct nondeterministic factor automaton My accepting Fact(T):

(a) Construct finite automaton M accepting string 7' = ajas...ay,
and all its prefixes.
M= ({q0,01,92, -+ @}, A, 0,90, {q0, 01, - - -, Gn}),
where (g;,a;11) = ¢i1 for all ¢ € (0,n — 1).

(b) Construct finite automaton M, from the automaton M by insert-
ing e-transitions:
5(qo,€) ={q1, 92, - qn-1}

(c¢) Replace all e-transitions by non—e—transitions. The resulting au-
tomaton is Mpy.

2. Construct deterministic factor automaton Mp equivalent to automa-
ton My and memorize the d—subsets during this construction.

3. Analyze d—subsets to compute repetitions. O



Figure 4.1: Transition diagram of factor automaton M, with e—transitions
constructed in step 1.b of Algorithm 4.1

The factor automaton M, constructed by Algorithm 4.1 has, after step 1.b,
the transition diagram depicted in Fig. 4.1. The factor automaton My has,
after step 1.c of Algorithm 4.1, the transition diagram depicted in Fig. 4.2.

Figure 4.2: Transition diagram of factor automaton My after the removal
of e—transitions in step 1.c of Algorithm 4.1

The next example shows the construction of the deterministic factor
automaton and the analysis of the d—subsets.

Let us make a note concerning labelling: Labels used as the names of
states are selected in order to indicate positions in the string. This labelling
will be useful later.

Example 4.2

Let us use the text T" = ababa. At first, we construct a nondeterminis-
tic factor automaton M. (ababa) = (Qe, A, ¢, 0, Q) with e-transitions. Its
transition diagram is depicted in Figure 4.3.

Figure 4.3: Transition diagram of factor automaton M, (ababa) from Exam-
ple 4.2

Then we remove e-transitions and the resulting nondeterministic factor
automaton My (ababa) = (Qn, A,dn,0,Qn) is depicted in Figure 4.4 and
its transition table is Table 4.1. O



Figure 4.4: Transition diagram of nondeterministic factor automaton
My (ababa) from Example 4.2

’State‘a ‘b ‘
0 1,3,5 | 2,4
1 2
2 3
3 4
4 5
5

Table 4.1: Transition table of nondeterministic factor automaton My (ababa)
from Example 4.2

As a next step, we construct the equivalent deterministic factor automa-
ton Mp(ababa) = (Qp, A,dp,0,Qp). During this operation we memorize
the created d-subsets. We suppose, taking into account the labelling of the
states of the nondeterministic factor automaton, that d-subsets are ordered
in the natural way. The extended transition table (with ordered d-subsets)
of the deterministic factor automaton Mp(ababa) is shown in Table 4.2. The
transition diagram of Mp is depicted in Figure 4.5.

’ State ‘ d-subset ‘ a ‘ b ‘
Do |0 1,3,5] 2,4
D | 1,3,5 2,4
Do 2,4 3,5
Ds 3,5 4
Dy 4 5
Ds 5

Table 4.2: Transition table of automaton Mp(ababa) from Example 4.2

Now we start the analysis of the resulting d-subsets:
d-subset d(D;1) = {1, 3,5} shows that factor a repeats at positions 1,3 and
5 of the given string, and its length is one. d-subset d(D2) = {2,4} shows
that factor ab repeats, and its occurrence in the string ends at positions



Figure 4.5: Transition diagram of deterministic factor automaton
Mp(ababa) from Example 4.2

2 and 4 and its length is two. Moreover, the suffix b of this factor also
repeats at the same positions as factor ab. d-subset d(Ds3) = {3,5} shows
that factor aba repeats, and its occurrence in the string ends at positions
3 and 5 and its length is three. Moreover, its suffix ba also repeats at the
same positions. Suffix a of factor aba also repeats at positions 3 and 5, but
we have already obtained this information during analysis of the d-subset
d(Dy) = {1,3,5}. Analysis of the d-subsets having only single states brings
no further information on repeating factors.

Let us make a summary of these observations in the repetition table
shown in Table 4.3.

d-subset | Factor ‘ First occurrence ‘ Repetitions ‘

1.3.5 la 1 3,G),5,G)
2.1 ab 2 (4, 5)
2.4 b P (4,G)
3,5 aba 3 (5,0)
3.5 ba 3 (5,9)

Table 4.3: Repetition table of ababa

The last column of the repetition table with the header Repetitions con-
tains sequences of pairs (i, R) where ¢ is the position where the repeated
factor ends (let us recall the note on labelling of states) and R is the type
of repetition (G, S,0). The other columns are selfexplaining. O

The construction of the repetition table is based on the following obser-
vations illustrated in Figure 4.6 and Lemmata 4.3 and 4.4.

Lemma 4.3

Let T be a string and Mp(T) be the deterministic factor automaton for T
with states labelled by corresponding d-subsets. If factor u = ajas ... am,
m > 1, is repeats in string 7T and its occurrences start at positions x + 1
and y + 1, x # y then there exists a d-subset in Mp(7T") containing the pair
{x +m,y+m}.
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Figure 4.6: Repeated factor u = ajay...an, in My(T)
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Proof

Let MN(T) = (Qn, A, 0N, qo, @n) be the nondeterministic factor automaton
for T and let v = ajas...a, be the factor starting at positions x 4+ 1 and
y+1in T, x # y. Then there are transitions in My (T') from state 0 to
states  + 1 and y + 1 for symbol a1, (0n5(0,a;) contains z + 1 and y + 1).
It follows from the construction of My (T') that:

On(z+1,a2) = {x + 2}, on(y +1,a2) = {y + 2},
on(z+2,a3) = {x + 3}, On(Yy +2,a3) = {y + 3},
n(x+m—1,an) = {z+m}, ON(Y +m —1,am) = {y +m}.

Deterministic factor automaton Mp(T) = (@p,A,dp, Dy, Qp) then con-
tains states Dy, D1, Do, ... Dy, having this property:

dp(Dy,a1) = Dy, {z+1,y+1} C Dy,
dp(D1,a2) = Do, {z+2,y+2} C Do,
6D(Dm—17am):Dm> {x+m7y+m}CDm

We can conclude that the d-subset D,, contains the pair {x +m,y+m}.
O

Lemma 4.4

Let T be a string and let Mp(T') be the deterministic factor automaton for
T with states labelled by corresponding d-subsets. If a d-subset D,,, contains
two elements x +m and y + m then there exists the factor u = ajas...amnm,
m > 1, starting at both positions z + 1 and y + 1 in string 7.

Proof

Let My (T) be the nondeterministic factor automaton for 7. If a d-subset

D,,, contains elements from {x + m,y + m} then it holds for o of My(T):
{x +m,y+m} C én(0,a), and

IN(z+m—1,an) ={z+m},

InN(y+m—1,an) = {y +m} for some a,, € A.

Then the d-subset D,,_; such that 6p(Dy,—1,am) = Dy, must contain

x+m—1,y+m—1such that {z +m—1,y+m — 1} C on(0,am,—1),

IN(x+m—2,am-1) ={z+m—1},

ON(Y+m—2,apm-1)={y+m—1}

and for the same reason the D-subset D must contain z + 1,y + 1 such that

{z+1,y+1} Cén(0,a1) and dn(z,a1) = {x + 1}, dn(y,a1) = {y + 1}.
Then there exists the sequence of transitions in Mp(T) :

11



START . a, ‘ a, . a_ an,

Figure 4.7: Repeated factor u = ajas . ..a,, in Mp(T)

(Dy,a2...am)

(Do,aray...an) F
= (DQ,(Lg . .am)

|— (Dm_l,am)
F (D, e),

where
{z+1,y+1} C Dy,

{z+m,y+m} C Dy,.

This sequence of transitions corresponds to two different sequences of
transitions in My (T') going through state = + 1:

(0,a1a2...am) F (x+1,a2...am)
F (z+2a3...am)

(x4+m—1,am)
F (x4 m,e),
(z,a1az...ap) F (x4 1,a2...anm)

F (z+2a3...am)

(x+m—1,am)
(z 4+ m,e).

-

Similarly two sequences of transitions go through state y + 1:

T

(y+1,a2...am)
(y+2,a3...am)

(0, aiay ... am)

T

l_ (y+m_17am)
= (y+m,e),

T

(y+1,a2...am)
F (y+2,a3...am)

(y,a1az ... am)

(y+m_1vam)
E (y+m,e).

12



It follows from this that the factor v = ajas...a,, is present twice in
string T in different positions z + 1,y + 1. O

The following Lemma is a simple consequence of Lemma 4.4.

Lemma 4.5
Let u be a repeating factor in string 7. Then all factors of u are also re-
peating factors in T'. O

Definition 4.6

If u is a repeating factor in text T and there is no longer factor of the form
vuw, v or w # & but not both, which is also a repeating factor, then we will
call w the maximal repeating factor. O

Definition 4.7

Let Mp(T) be a deterministic factor automaton. The depth of each state D
of Mp is the length of the longest sequence of transitions leading from the
initial state to state D. O

If there exists a sequence of transitions from the initial state to state
D which is shorter than the depth of D, it corresponds to the suffix of the
maximal repeating factor.

Lemma 4.8
Let u be a maximal repeating factor in string T. The length of this factor
is equal to the depth of the state in Mp(T') indicating the repetition of w.0

Proof

The path for the maximal repeating factor u = ajas ... a,, stars in the initial
state, because the states  + 1 and y + 1 of the nondeterministic factor
automaton My (T) are direct successors of its initial state and therefore
dp(Dp,a1) = Dy and {x+ 1,y + 1} C D;. Therefore there exists a sequence
of transitions in the deterministic factor automaton Mp(T):

(Dl,ag . .am)

(Do, a1az...am) +
F (Dg,as3...ap)

[ (Dmflaam)
F (D, e) 0
The remaining question is the decision on the type of repetition. Let
us suppose that the length of the repeating factor is m. If we have in the

d-subset in question two elements ¢, 5, j > ¢, then:
If j — 4 < m then there is a repetition with overlapping.

13



If j — i = m then there is a square.
If j — i > m then there is a repetition with gap.

There follows one more observation from Example 4.2:

Lemma 4.9

If some state in Mp(7T') has a corresponding d-subset containing one element
only, then its successor also has a corresponding d-subset containing one
element.

Proof

This follows from the construction of the deterministic factor automaton.
The transition table of nondeterministic factor automaton My (7) has more
than one state in the row for the initial state only. All other states have at
most one successor for a particular input symbol. Therefore in the equiv-
alent deterministic factor automaton Mp(7T') the state corresponding to a
d-subset having one element may have only one successor for one symbol,
and this state has a corresponding d-subset containing just one element. O

We can use this observation during the construction of deterministic
factor automaton Mp(T) in order to find some repetition. It is enough to
construct only the part of Mp(T) containing d-subsets with at least two
elements. The rest of Mp(T') gives no information on repetitions.

We summarize the result of the computation of repetitions in repetition
table R(T). It contains the d—subset, the repeating factor, the ending posi-
tion of its first occurrence, the ending positions of all repetitions and the type
of each repetition. We will abbreviate this type as follows: O =repetition
with Overlapping, S = Square repetition, G =repetition with Gap.

Algorithm 4.10
Constructing a repetition table containing exact repetitions in a given string.
Input: String T' = aqas. .. ay.
Output: Repetition table R for string 7.
Method:
1. Construct a deterministic factor automaton
Mp(T)=(Qp,A,ép,0,Qp) for a given string 7.
Memorize for each state ¢ € @Qp :
(a) d-subset D(q) = {r1,r2,...,7rp},
(b) d = depth(q),
(c) maximal repeating factor for state ¢ mazfactor(q) = x, |x| = d.

2. Create rows in the repetition table R for each state ¢ having D(q) with
more than one element:

(a) the row for the maximal repeating factor x of state ¢ has the
form:

14



({Tla ro,... )rp}7 T, T1, {(TZa XQ)) (T37 X3)7 ey (Tpv Xp)}u
where X;, 2 <1 < p, is equal to
1. O, if =i < d,
ii. S, lfTZ —Ti—1 = d,
iii. G, if Ty — Ti—1 > d,
(b) for each suffix y of x (such that the row for y was not created
before) create the row of the form:

({rla ro... 7rp}a Yy,T1, {(7"2, X2)7 (T37 X3)7 C) (rpa Xp)}a
where X;, 2 <1 < p, is deduced in the same manner. O

An example of the repetition table is shown in Example 4.2 for the string
T = ababa.

5 Complexity of computation of exact repetitions

The time and space complexity of the computation of exact repetitions in
string is treated in this Chapter.

Definition 5.1
A d-subset is simple if it contains just one element. The corresponding state
to it we call simple state. A d-subset is multiple if it contains more than one
element. The corresponding state to it we will call multiple state.

O

The time complexity is composed of two parts:

1. The complexity of the construction of the deterministic factor automa-
ton. If we take the number of states and transitions of the resulting
factor automaton then the complexity is linear. More exactly the
number of its states is

NS <2n—2,
and the number of transitions is
NT < 3n — 4.

2. The second part of the overall complexity is the construction of repeti-
tion table. The number of rows of this table is the number of different
multiple d-subsets. The highest number of multiple d-subsets has the
factor automaton for text T' = a™. Repeating factors of this text are
a,a?,...,a" L.

There is necessary, for the computation of repetitions using factor automata

approach, to construct the part of deterministic factor containing only all

multiple states. It is the matter of fact, that a simple state has at most one
next state and it is simple one, too. Therefore, during the construction of

15



deterministic factor automaton, we can stop construction of the next part
of this automaton as soon as we reach a simple state.

Example 5.2

Let us have text T = a”, n > 0. Let us construct deterministic factor
automaton Mp(a™) for text T. Transition diagram of this automaton is
depicted in Fig. 5.1. Automaton Mp(a™) has n+ 1 states and n transitions.

START. . .—_m a -a G0

Figure 5.1: Transition diagram of deterministic factor automaton Mp(a")
for text T' = a™ from Example 5.2

Number of multiple states is n — 1.

To construct this automaton in order to find all repetitions, we must
construct the whole automaton including the initial state and the state n
(terminal state). Repetition table R has the form shown in Table 5.1. O

d-subset | Factor List of repetitions
1,2,...,n a (1,F),(2,5),(3,59)...,(n,S)
2,...,mn aa (2,F),(3,0),(4,0)...,(n,0)

n—1,n | a"! (n—1,F),(n,0)

Table 5.1: Repetition table R for text T' = a™ from Example 5.2

The opposite case to the previous one is the text composed of symbols
which are all different. The length of such text is limited by the size of
alphabet.

Example 5.3

Let the alphabet be A = {a,b,c} and text T" = abcd. Deterministic factor
automaton Mp(abed) for text T has transition diagram depicted in Fig. 5.2.
Automaton Mp(abed) has n+ 1 states and 2n —1 transitions. All respective
d-subsets are simple. To construct this automaton in order to find all repe-
titions, we must construct all next states of the initial state for all symbols
of the text. The number of these states is just n. The repetition table is
empty. O

Now, after the presentation both limit cases, we will try to find some case
inbetween with the maximal complexity. We guess, that the next example
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